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Abstract 

This deliverable presents the contribution of the CESAME to the WP2, smart sensor development 
and it completes the previous report (D2.3) about the choice of the optimal sensor location. The 
study has been carried out on the basis of the available on-line sensors within TELEMAC, i.e. 
VFA, TIC, alkalinity and CH4 (Fibrianto et al., 2004) measurements. 

The first part of the report recalls the involved reactors in the project and their configurations. The 
second part deals with some results in D2.3 about the application of the observability measures 
theory in (Waldraff, et al., 1998) on the PDE model of the anaerobic wastewater treatment 
process that has been developed from the AM2 model (Schoefs, et al., 2003) with some 
illustration results based on the implementation of a state observer. These investigations lead to 
recommendations of the appropriate sensor types, numbers and locations.  

The final part is dedicated to the applicability of the proposed methodology to the involved 
reactors in the TELEMAC project. 
 

Keywords: distributed-parameter model, observability measure, sensor location, VFA/TIC/Z/CH4 
measurements. 
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A. Introduction 

A key objective of the TELEMAC project is to extract significant information from 
events occurring on the plant. Data from the sensor network, faults, controller outputs, 
simulations, and expert advices and opinions are not considered as single and isolated 
events. They are combined and joined together within the supervision system that 
incorporates IST tools like expert systems, data mining and Internet technology. The 
TELEMAC project plans to reduce the need of expert intervention during the regular 
work of the plant to the minimum. Should live expertise be required, web resources will 
allow tele-monitoring from the control centre, organised as a network of experts located 
in different places. This remote expertise pool will be able to supervise, monitor and, if 
necessary, reconfigure the control policy, at a number of plants. Remote monitoring 
techniques requires trustful and certain data to compensate the absence of the expert’s eye 
away from the monitored plant. Therefore, the validation module should resolve the 
uncertainty or at least evaluate it and give a diagnosis that helps the expert in the 
monitoring centre to take the decision. Also the validation module links to other modules 
within the project such as the fault detection and isolation module, the database and 
control modules. Thus, it should provide useful information on the expected standards 
that guarantee their successful functioning. 

Sensors play a crucial role, as the main source of information, in the monitoring 
system. However, a usual problem in practice is the lack of sensors and/or analyzers. This 
means and implies a loss of on-line information about the degradation process. In order to 
overcome this difficulty, model-based state estimation methods (e.g. Kalman or 
Luenberger observers, or other appropriately designed monitoring tools) can be used to 
estimate variables that are not available from on-line measurements.  

In (Bernard et al., 2001), a reduced-order model, based on two microbial populations 
and two substrates, has been developed and proved to be reliable and robust, in particular 
during abnormal operating conditions. One potential drawback of the model is that it 
assumes the process to behave like a continuously stirred tank reactor. In practice, when 
using fixed or fluidized bed reactors, in some instances (e.g. in presence of large inlet 
liquid flow rates, or in absence of information/data about the process variables along the 
reactor (but then possibly at the price of an additional transport delay term in the 
dynamical model)), the concentrations of the process components in the liquid phase may 
be assumed uniform within the reactor, but fixed biomass can be distributed and a 
biomass gradient can take place. This leads, in some cases, to clogging problems 
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(Harmand et al., 2002). This has largely motivated the development and validation of a 
PDE-model for this type of anaerobic digesters (Schoefs et al., 2003).  

The observability of a distributed parameter system is not only affected by the choice 
of sensor but also by the sensor location. It is important to know the appropriate positions 
in order to obtain the best information about the process dynamics along the reactor. Here 
we discuss the choice of optimal sensor positions with a predefined number of sensors 
corresponding to VFA (Volatile Fatty Acid), TIC (Total Inorganic Carbon), alkalinity and 
gas CH4 (Fibrianto et al., 2004) measurements. Two reactor configurations will be 
studied; first is related to the fixed bed reactor (e.g. INRA’s digester), and the second one 
corresponds to the UASB (e.g. USC’s digester). 
 

B. Digester types in TELEMAC  

As presented in the deliverable D1.1, the available reactors by WP1 partners at lab, 
pilot and industrial scale are as follows.  

USC: A lab scale UASB (L/D= 4.75) is available for the project. A CSTR of 2 litres 
of useful volume is also available for a shorter period of time. While UASB is fully 
instrumented, not all measurements on-line could be obtained in experiments carried out 
in CSTR. The hydrodynamic behaviour of the available UASB by USC was studied in 
order to evaluate the convenience of using it as a CSTR. This was performed considering 
that the available industrial reactors were at least designed as CSTR’s. 

ENEA: an UASB reactor of 600 litres 6 metre tall and with an internal diameter of 
0.35 m (L/D= 17) is available for the experimental activities at pilot scale. A recycling 
loop will be installed for reaching an adequate up-flow velocity. 

AGRALCO: An industrial-scale digester that mainly behaves like a Continuous 
Stirred Tank Reactor (CSTR)(complete mixing type) (2000 m3, 14 m of diameter and 16 
m of height, L/D= 1.14) is available. The system is agitated by recycling both liquid and 
sludge from the bottom to the top of the reactor at a flow rate of 160 m3/h. Besides a pre-
industrial CSTR digester (40 m3) is available. 

SAUZA: A pre-industrial CSTR reactor (20 m3) is available. An industrial CSTR 
(5000 m3) has been started up in March, 2002. 

DOMECQ BR: An industrial CSTR digester (450 m3) is available. 
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C. Available sensors within TELEMAC  

Referred to the deliverables D2.1, D2.2, D2.4, some sensors that have been developed 
within TELEMAC are inter alia, VFA (Volatile Fatty Acid), TIC (Total Inorganic Carbon) 
and alkalinity sensors, using titrimetric analyzers (developed by Applitek, BIOMATH 
and INRA, it is called “AnaSense” sensor), and also gas analyzer, which is able to 
provide the percentage of CO2 and CH4 on-line. 

The optimal sensor location study has been performed on the basis of the above 
available sensors. 

D. Study of the optimal sensor location 

1. Dynamical model 

All the TELEMAC digesters are assumed to behave like continuously stirred tank 
reactors (CSTR’ s). In practice, as it has been mentioned in the introduction, it is not 
always the case. It depends in particular on the hydrodynamic conditions. When using 
fixed or fluidized bed reactors, fixed biomass for instance can be distributed and a 
biomass gradient may exist.  

In order to emphasize clogging phenomena and to possibly design and implement 
tools to avoid clogging problems (Harmand et al., 2002), we have developed a partial 
differential equation (PDE) model (Schoefs et al., 2003) allowing to account for the axial 
dispersion in the reactor. 

Here, we consider a typical anaerobic WWT process operated in a fixed-bed reactor, 
which is basically composed of two phases, acidogenesis and methanization (Bernard, et 
al., 2001). The dynamics of the concentrations of the acidogenic and methanogenic 
biomasses X1 and X2 (g VSS/l), respectively, are described by the following equations:  

 ( ) 11
1 XD

t
X αµ −=
∂

∂
 (1) 

 ( ) 22
2 XD

t
X αµ −=
∂

∂
 (2) 

where α and D are the bacteria fraction in the liquid phase and the effluent dilution rate, 
respectively. Here, the biomass kinetics, µ1 and µ2, follow Monod-Contois and Haldane-
Contois (to account for possible volatile fatty acid (VFA) accumulation) models, 
respectively: 
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with µ1max (day-1), µ2s (day-1), KC1 (g COD/g VSS), KC2 (mmol VFA/g VSS) and KI2 

(mmol VFA/g VSS) the biokinetic parameters.  

Note that in a fixed bed reactor, as the biomass is attached, the hydrodynamics does 

not affect directly the biomass. The term αDXi (i = 1, 2) is mainly a detachment term due 
to the shear forces applied to the biomass by the flow of the liquid in the tank. But in 
fluidized bed reactors, we have to include the hydrodynamics in the biomass evolution, 

i.e. there would be a convection term us zX ∂∂  in the equation, where us is the superficial 

solid velocity (different from ul). It may possibly be advantageously replaced by a term 

like αDXi (i = 1, 2) used in equations (1) and (2).  

An UASB reactor can be viewed as a combination of a fixed bed reactor and a fluidized 

bed reactor; the biomass is fixed in the bottom of the digester (i.e. α ≈0 for z < hb) and 

free elsewhere outside the filter (i.e. α =1 for z ≥ hb), with hb the blanket thickness. 

The time evolution of the concentrations of alkalinity Z (mmol/l), organic substrate S1 

(g COD/l), VFA S2 (mmol/l), and inorganic carbon C (mmol/l) are represented by the 

following equations, ∀z ∈ [0, H],  
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where qc is the CO2 concentration flow rate (mmol/l/day): 

 ( ) ( )CHLc PKZSCaktzq −−+= 2,  (9) 

For the above expression, we can express the CO2 molar flow rate (mmol/day) 
accumulated at height z as follows: 

   
( )
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∫
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with the CO2 partial pressure, PC, equal to: 
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Indeed, PT (z) is the total pressure (atm) at the point z:  

 ( ) ( )zHgPzP atmT −+= ρ  (13) 

and QM is the CH4 molar flow rate (mmol/day), such as: 

 ( ) ∫=
z

M dXAktzQ
0 226, ζµ  (14) 

ki, i∈[1,6], are the yield coefficients, kLa and KH are the liquid-gas transfer coefficient and 
the Henry’ s constant, respectively. 

Remark. Note that the integrated values of the CO2 and CH4 flow rates on the z first 
meters are defined as a model assumption to define the measured gas flow rate at z. It 
does not mean that we have to measure the CO2 and CH4 flow rates at all the positions 
between 0 and z. 
 

The following boundary conditions have also to be added, ∀t∈�
+, ∀ξ* = [S1, S2, C, Z],  

 

( ) ( ) ( )

( )
 

0,

1
,0*










==
∂

∂
+

⋅+
==

∗

∗∗

tHz
z

R
tRt

tz outin

ξ

ξξξ
 (15) 

where ( ) 1−⋅= effrec VDQR  is the recycle rate with Qrec and Veff, the effluent recycle flow rate 

and the effective tank volume, respectively. 
 

2. Observability of an approximate finite-dimensional model 

Sensor location studies typically refer to quantitative tests based observability tests 
for a discretized model of the PDE equations of the process (Waldraff, et al., 1998). 
That’ s why a discretization scheme, e.g. finite difference or orthogonal collocation, has to 
be applied to have a finite-dimensional approximation. The observability measure of a 
finite-dimensional system (Waldraff, et al., 1998) is related to the condition number, or 
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more specifically to the singular values of the system observability matrix, denoted ϑ, 
which can be defined different ways (presented in the sequel).  

Let us consider the following system representation: 

 




=
=

Gxy

Axx�
 (16) 

where x∈�
n, A∈�

n×n and G∈�
m×n, n is the number of state variables and m is the number 

of measurements.  

2.1. Observability measure based on the observability matrix singular value 
This method is based on the condition number of the following observability matrix: 

 [ ]TnGAGAG 1−= �ϑ  (17) 

i.e., the ratio between its maximal, denoted σmax(ϑ), and its minimal singular values, 

σmin(ϑ). The observability index is measured by the inverse of the condition number, i.e. 

σmin(ϑ)/σmax(ϑ). 
 

2.2. Observability measure based on the observability Gramian singular value 

The Gramian observability matrix is given by: 

 ∫
∞

=
0

dtGeGe AtTtA
G

T

ϑ   (18) 

The system is completely observable, if and only if:  

 Rank(ϑG) = n  (19) 

As the previous method, the observability measure of the considered system can also be 

related to the ratio between σmin(ϑG) and σmax(ϑG). 
 

2.3. Observability measure based on the Popov-Belevitch-Hautus singular value 

The observability matrix of Popov-Belevitch-Hautus (PBH) can be written as follows: 

 ( ) 




 −Ι
=

G

Ai
iPHB

λ
λϑ  ; ∀λi, i=1...n (20) 

where λi is the ith eigenvalue of A. The system is observable if and only if:  

 Rank(ϑPBH(λi)) = n (21) 
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An equivalent form for observability evaluation of eq. (20) is ( )( )
( )( )iPHB

iPHB

i λϑσ
λϑσ

λ
max

minmin . 

 

The PBH rank test proposes also another observability measure. If E is the smallest 
perturbation to the matrix A so as to make the pair (A+E, G) unobservable, the minimal 
distance to the set of all unobservable pairs (A+E, G) is then given by the solution of the 
following minimization problem: 

 




 −Ι
=

∈ G

As
E cs

min2
minσ  (22) 

The minimization problem (22) is generally non-convex, i.e. difficult to solve. However, 
the algorithm presented in (Boley, 1990) allows to have upper and lower bounds on 

2
E . 

Therefore, the lower bound can be considered as an observability measure. 
 

3. Orthogonal collocation approach 

3.1. Transformation into a lumped system 

In the rest of this study, we have considered a weighted residuals method, the orthogonal 
collocation, to approximate the PDE’ s into ODE’ s. They are basically several reasons for 
selecting this reduction approach (see Waldraff et al, 1998) : 

1) It has the advantage over finite differences to limit the number of ODE necessary 
to have to provide a good approximation to a few equations (while typically 
hundreds of ODE’ s are needed with finite differences). 

2) It preserves mass and energy balances; moreover the variables in the reduced 
model have the same dimension and units than in the original PDE model 

3) It has also the decisive property in the context of the present study to be a pseudo-
spectral method, and with that respect, it is able to transfer almost exactly the 
spectrum of the original PDE model to the reduced ODE model. This property is 
very important in the present study since the observability properties of the 
convection-diffusion-reaction model as the one considered here to describe the 
dynamics of the anaerobic digesters is characterized e.g. by a loss of observability 
at the zeros of the system eigenfunctions (see Waldraff et al, 1998). 

 The orthogonal collocation allows to transform the PDE model into ODE’ s by 
expressing the state variables x(z,t) as a finite weighted sum of the state variables at a 
number n+1 of locations called the collocation points: 
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where xj(t) = x(zj,t) is the value of x at the collocation point zj, j∈[0,n], with 0 < z1 < z2 

< … < zn = H. λj(zi) are the orthogonal functions (e.g. the Lagrange polynomials): 

 ( )




≠
=

=
ji

ji
zij         0

for    1
λ  or ( ) ∏

≠
= −

−
==

n

ij
j ji

j
ijij zz

zz
z

0

λλ   (24) 

By applying (23), equations (6), (7), (8) and (5) become, ∀zi ∈ [0, H], 
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Similarly, the biomass equations at the collocation points are written as follows: 
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Hence, an ODE nonlinear system can be considered here: 

 ( ) 0ξξξξ
BAf

dt
d ++=  (31) 

where f(ξ) represents the nonlinear term of the model, and 

 [ ]Tnnnnnn XXXXZZCCSSSS ,21,2,11,111,21,2,11,1 ������=ξ  (32) 

ξ0 is the input vector, such as: 

 [ ]TZCSS 000,20,10 =ξ  (33) 
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with the following boundary conditions: 

 ( ) ( )
( ) ( ) ( ) ( )t

tR
t

tR
tR

t inn ξξξ
+

+
+

=
1

1
10  (34) 

where ξn= [S1,n  S2,n  Cn  Zn]T, ξin= [S1in  S2in  Cin  Zin]T. 

Thus, the matrices A and B are: 
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with 

 
[ ] [ ] [ ]
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 ;  

where LL ���  and are the first and second derivatives of L (i.e. Lagrange polynomial) 
according to z (i.e. axial position), respectively. 

3.2. Tangent linearization around an operating point 

Let us now consider a tangent linearization around an operating point, defined by the 

nominal values of the state vectors and the input vectors, ξ  and u , respectively.  

If δξ = ξ – ξ  and δu = u – u , a linear system can be derived, as follows:   

 
( ) ( ) ( )uBA
dt

d δδξδξ +=  (37) 

where � is the Jacobian matrix of the system, which also represents the dynamics of the 
system around the operating point.  

Referring to the model (31) with u = ξin, one can write: 
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If the measured variable(s) satisfy this expression: 

 ( ) ( )δξδξ ⋅== Ghy  (39) 

then, the study of the system observability can be carried out on the observability matrix, 

denoted ϑ, which is given by: 
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As the Lagrange polynomial L is considered here, at a given instant, one can interpolate 
the solution at all points from the solutions at collocation points according to: 
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If one locates a sensor at point zi, the matrix G in equation (39) can be written as follows: 

 [ ]0000 �� mGG =  ; G ∈ �1×6n (44) 

with ( ) ( )[ ] ( )






+
+=

R
RzL

zLzLG i
inim 1

00 0
1 ��  

Note that the non-zero elements of the matrix G, denoted Gm, depend on the kind of 
measurement (substrate, inorganic carbon, etc.) 

The linearized models corresponding to the measurements of alkalinity Z, organic 
substrate S1, VFA S2, and inorganic carbon C can be found in the deliverable D2.3. 

For the gas measurement, we shall concentrate on the availability of CH4 
measurement (Fibrianto et al., 2004). As we have a modelling assumption of the CH4 
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flow rate value at a given point as described in equation (14), therefore we can define a 
methane measurement at two points in the reactor as follows: 

 ( ) ( ) ( ) ( ) ( ) ( )
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where zc is the nearest collocation point above zi, 0 ≤ zi < zc ≤ H. In this case, we can 
write: 

 δξ
ξξ ξξξξ 












∂
∂

∂
∂=

==

���

C

M

C

M
M

hh
h

62

0  (46) 
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Note that the choice of a collocation point as one of the sensor locations is arbitrary. 
Nevertheless, it allows to have zc closed to zi, what means that the error between the real 
measurement value (QM(zC) – QM(zi)) and the approximated measurement value 

( ( ) ( ) ( )
( ) ( ) ( ) 2

2
2262
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CCiC

KzzzK
zzzzAk

ξξξ
ξξ

++
− ) is minimized. 

Note for the Outlet gas flow rate only measurement  

As the usual gas sensor is located at the reactor out put, let’ s also consider a gas (CH4) 
flow rate measurement at that position. It can be related to the following expression: 

 ( )
( )
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By the linearization procedure, we can deduce: 
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where the matrix G is represented by: 
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4. Implementation of the Observability Measures via numerical simulations 

4.1. Fixed bed reactor 
For the first simulations, the parameter values have been chosen according to the 

configuration of the INRA fixed bed reactor (Schoeffs et al., 2003). We consider a 

tubular reactor with a Peclet number, ulH/εlEz, equal to 20, corresponding to a highly 
dispersed tubular reactor. Consider that the reactor height H is equal to 3.5 m and its 

diameter is equal to 0.6 m. The effective volume of the medium is 0.948 m3 (i.e. εl = 
0.96). The inlet flow rate is maintained constant, equal to 12.87 l/h. The reactor is 
operating with a recycle flow rate, i.e. 50 l/h. The atmospheric pressure Patm= 1.04 atm, 

the pressure coefficient related to the gravity ρg = 0.096841 atm/m, and the temperature 
is maintained constant, i.e. 35°C. The other parameters are as follows:  

 

Parameter Value  Parameter Value 
µ1max (day–1) 1.2  k2 (mmol/g) 250 

KC1 (g COD/g VSS) 50.5  k3 (mmol/g) 134 
µ2s (day–1) 0.74  k4 (mmol/g) 50.6 

KC2 (mmol S2/g VSS) 16.6  k5 (mmol/g) 228.4 
KI2 (mmol/l) 256  k6 (mmol/g) 244.86 
kLa (day–1) 19.8  α 0.5 

KH (mol/(l.atm)) 16  Ez 1 
k1 (g/g) 42.14    
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Once the model parameters are defined, we have then computed the three 
observability measures on the orthogonal collocation model by positioning the sensor at a 
point, denoted zs, that moves from 0 to H.  

Let us then consider 7 collocation points (including the boundaries, i.e. at 0, 0.16, 
0.81, 1.75, 2.69, 3.34, 3.5 m), chosen as the zeros of a Jacobi polynomial with the 

parameters (α,β) = (0,0) (i.e. Legendre polynomial). It can be shown that this choice is 
sufficient to obtain a good approximation, especially for the system spectrum, see 
(Waldraff et al., 1998).  

4.1.1. Measuring the gas CH4 flow rate 
From the first observability matrix (see section D.2.1) we can deduce the 

observability measure as the minimal/maximal singular values ratio for a varying sensor 

position, 0 ≤ zs ≤ H, as shown by the curves on Figure 1. Figure 2 shows the Gramian 
observability measure. 

Note that both methods result in very low observability indices. These values are 
therefore not very reliable when related to the numerical accuracy. Nevertheless, the 
minimal downward “peaks” give us the position where there are observability losses. 

  
Figure 1. Observability measure based on the usual observability matrix using 7 points. 

  
Figure 2. Gramian observability measure using 7 pts. 
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Let us now consider the PBH method. Figure 3 shows the results from the first and 
the second PBH methods. As we can see, the observability index values are “better” than 
the previous ones. 

 
Figure 3. PBH observability measure using 7 points. 

 

Using the three methods, we can note that by considering 7 collocation points there 
are 5 locations between 0 and H, where there are observability losses. They are 0.1, 0.8, 
1.7, 2.7 and 3.3 m.  

If we consider 11 collocations points (i.e. 0, 0.06, 0.29, 0.68, 1.18, 1.75, 2.32, 2.82, 
3.21, 3.44, 3.5 m), the PBH observability measure gives 9 positions of observability loss, 
i.e. 0.04, 0.28, 0.67, 1.16, 1.72, 2.31, 2.80, 3.20 and 3.43. Figure 4 illustrates the results 
of the PBH method. We have also applied the PBH method on a 16 point-model, and this 
gives 14 locations of observability loss.  

  

Figure 4. PBH observability measure using 11 points. 
 

These locations approximately correspond to the zeros of the PDE model 
eigenfunctions (Waldraff, et al., 1998). The larger the model dimension is, the more 
observability losses may exist. In the sequel, we will only consider the 7-collocation point 
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model for applying the observability measures. Nevertheless, note that in practice gas 
measurement is usually done in the gas medium (at the reactor output) because gas 
measurement in the liquid medium is very difficult to carry out. 
 

4.1.2. Measuring the total inorganic carbon (TIC) concentration 

Let us consider the measurement of the total inorganic carbon alone, and then apply 
the PBH observability measure. Figure 5 shows the results from the first and the second 
PBH methods, by considering 7 collocation points, identically located as the previous 
cases. 

In this case, the minimal singular values have magnitudes that are higher than the 
numerical precision of the computing machine, which is of the order of 10-14 of 
magnitude. Observability losses can be noticed at 0.14, 0.43, 0.68 and 0.85 of H, the 
reactor height (3.5 m).  

Indeed, the TIC state variable has a dynamics that depends on all other state variables. 
Measuring this variable involves knowledge of all other ones.  

 
Figure 5. PBH observability measure using 7 collocation points  

by measuring only the TIC 

 

4.1.3. Measuring the alkalinity 
If we measure only the alkalinity, from the first observability matrix (see section 

D.2.1) we can deduce the observability measure as the minimal/maximal singular values 

ratio for a varying sensor position, 0 ≤ zs ≤ H, as shown by the curves on Figure 6. We 
can notice that the observability matrix has a very bad condition number.  

By the way, if we apply the other observability measures, i.e. Gramian or PBH (cf. 
Figure 7), the results will give very low observability indices.  
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These values are therefore not very reliable when related to the numerical accuracy. 
Nevertheless we can detect the position where loss of observability may exist, i.e. 0.14, 
0.43, 0.68 and 0.85 of H, the reactor height (3.5 m). 

 

 
Figure 6. Observability measure on Z (alkalinity) based on the usual observability matrix. 

 
 
 

 
Figure 7. Observability measure on Z (alkalinity) based on the PBH observability matrix. 

 

4.1.4. Measuring the VFA (Volatile Fatty Acid) 

If we measure only the VFA, the result will be similar to that of the previous case 
(alkalinity), cf. Figure 8 and Figure 9. The measurement of the alkalinity or VFA alone 
does not give the information of all other state variables. This is why the given 
observability indices are very low. 



 19

 
Figure 8. Observability measure on VFA based on the usual observability matrix. 

 
 

 
Figure 9. Observability measure on VFA based on the PBH observability matrix. 

We have also performed the methodology to the case with more than one type of 
sensors.  

For instance, by combining the COD and VFA measurements, corresponding to the state 
variables S1 and S2, respectively, the observability measures give similar results (same 
magnitude) with the case when we only measure the VFA. This result can be explained as 
follows. The VFA measurement includes also the information of COD. By adding the 
COD measurement, no new information is added to the observer. Moreover, on-line 
measurement of COD is not available within the TELEMAC project. 
 

4.1.5. Measuring the TIC and the VFA 

Let us consider the combination of the total inorganic carbon and the volatile fatty 
acid measurements. Figure 10 and Figure 11 show a little enhancement of observability 
indices (in the term of magnitude) comparing with the obtained result by measuring the 
TIC alone, but observability losses still can be noticed at the same locations. 
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Figure 10. Observability measure on TIC and VFA, based on the Gramian observability matrix. 

 

 
Figure 11. Observability measure on TIC and VFA, based on the PBH observability matrix. 

4.1.6. Measuring the TIC and the alkalinity 

If we measure the TIC and the alkalinity together, the PBH measure results in the 
following Figure 12. It can be noticed that the observability indices in this case have a 
magnitude lightly lower than the previous case (TIC/VFA sensors), especially in the 
downward peaks, which are located at the same positions. 

 
Figure 12. Observability measure on TIC and Z, based on the PBH observability matrix. 
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4.1.7. Measuring the VFA and the alkalinity 
By performing the methodology to the VFA/alkalinity measurements, we find that the 

observability indices are lower than those of VFA/TIC or TIC/Z measurements. 
Observability losses can also be noticed at the same places. 

 
Figure 13. Observability measure on VFA and Z, based on the usual observability matrix. 

 
Figure 14. Observability measure on VFA and Z, based on the PBH observability matrix. 

4.1.8. Measuring the VFA and the outlet gas 

For the measurement combination of VFA concentration and outlet gas flow rate, we 
can notice in Figure 15 that the observability measures give a lower magnitude than that 
of VFA/TIC measurements (which is in the order of 10-5). 

We can also notice that we cannot distinguish easily the location where losses of 
observability may exist. Nevertheless we can state that around 1.5 m (or 0.4H) we have 
an important loss of observability. 
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Figure 15. Observability measure on VFA and outlet gas flow rate (qC),  

based on the Gramian observability matrix. 

4.1.9. Measuring the alkalinity and the outlet gas  
Finally, we have applied the observability measures on the alkalinity and the outlet 

gas flow rate sensors.  

In Figure 16 and Figure 17 we can see that the magnitude of the observability indices 
are almost the same anywhere the alkalinity sensor is located, between 0 and H. In other 
words, there is almost no loss of observability. Anyway, they are generally lower than the 
indices resulting from the TIC/VFA, VFA/outlet gas or TIC/Z measurements. 

 
Figure 16. Observability measure on Z and outlet gas flow rate (qC),  

based on the usual observability matrix. 

 
Figure 17. Observability measure on Z and outlet gas flow rate (qC),  

based on the PBH observability matrix. 
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4.1.10. Measuring the TIC, VFA and Alkalinity 
Corresponding to the available AnaSense in the TELEMAC project, let us consider 

the combination of the total inorganic carbon, the volatile fatty acid and the alkalinity 
measurements. Figure 18 and Figure 19 show the same performance as that obtained by 
measuring the TIC/VFA. 

 
Figure 18. Observability measure on VFA/TIC/Z (AnaSense) based on 

the Gramian observability matrix. 

 
 

 

Figure 19. Observability measure on VFA/TIC/Z (AnaSense) based on 
the PBH observability matrix. 

 
 

4.2. UASB reactor 

The next simulations are dedicated to the configuration of a UASB reactor (e.g. 
USC’ s digester). For that, we consider a tubular reactor as shown in Figure 20. The up-
flow velocity is around 0.4 – 0.5 m/h. 
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Figure 20. UASB reactor corresponding to USC’ s digester. 
 

For the other parameters, i.e. kinetics and yield coefficients, we consider the same values 

as those of the fixed bed reactor. The only changes are related to the value of α in the 
biomass equations (1) and (2). As it has been previously written in the dynamical model 
section, an UASB reactor can be considered as a combination of fixed and fluidized bed 
reactors in cascade; the biomass is fixed in the bottom of the digester and free elsewhere 

outside the filter, such that the value of α is: 

 




≤<
≤

=
biomass) (free            1

 biomass) (fixed        for    1.0

fb

b

hzh

hz
α  

with hb the blanket thickness (1 m). The choice of α = 0.1 is arbitrary (yet a value 
different from zero is necessary in order to allow the existence of steady states different 

from the wash-out for the biomasses). Note that for z ≥ hf, with hf the position of the filter 
from the bottom of the reactor (here, 1.7 m), there is no more biomass in the wastewater. 
Therefore, there is no more dispersion in the liquid medium; a pure time-delay system 
(associated to a simple plug-flow configuration) can be considered here. With regard to ul, 
we can consider a very small time-delay here. 
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4.2.1. Measuring the total inorganic carbon (TIC) 
Like in the fixed-bed case, we have then computed the observability measures on the 

orthogonal collocation model by positioning the sensor at a point, denoted zs that moves 
from 0 to hf (until the position of the filter). Also we have considered the collocation 
model with 7 points (here 0, 0.08, 0.39, 0.85, 1.31, 1.62 and 1.70 m). 

The results are illustrated in Figure 21 and Figure 22, by using the Gramian and PBH 
methods, respectively. The observability indices are somewhat lower than those obtained 
by measuring TIC in a fixed-bed reactor but still relatively high. Fewer downward peaks 
can be observed here. Remember that the TIC state variable has a dynamics that depends 
on all other state variable. 

 
Figure 21. UASB observability index via Gramian method, applied on TIC measurement. 

 

 
Figure 22. UASB observability index via PBH method, applied on TIC measurement. 

 

4.2.2. Measuring the volatile fatty acid (VFA)  
In this case, we can note similar shape of observability indices with those in the fixed-

bed reactor, but with significantly lower magnitude (cf. Figure 23 and Figure 24). Losses 
of observability can be noticed at the same locations, i.e. 0.14, 0.43, 0.68 and 0.85 of Hf. 
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Figure 23. UASB observability index based on the usual observability matrix,  

applied on VFA measurement. 

 

 

Figure 24. UASB observability index via PBH method, applied on VFA measurement. 

 

4.2.3. Measuring the alkalinity 
Applied on the UASB reactor, the alkalinity measurement gives also similar 

observability indices (see Figure 25 and Figure 26) as those of the fixed-bed reactor but 
with a lower magnitude. Losses of observability can also be detected at the same 
positions. 

 
Figure 25. UASB observability index via the usual method, applied on Z measurement. 
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Figure 26. UASB observability index using the PBH method, by measuring the alkalinity. 

 

4.2.4. TIC and VFA measurements 
Let us now consider combinations of some measurements. For the combination of 

TIC and VFA measurements, the observability measures gives the results illustrated in 
Figure 27 and Figure 28. The magnitudes the observability indices are obviously 
increased compared to those obtained by measuring TIC or VFA alone. Three locations 
of observability losses can be noted here, i.e. 0.21, 0.47 and 0.94 of hf (or in this study 
case, 0.36, 0.8 and 1.61 m). 

 
Figure 27. UASB observability index using the Gramian method, by measuring TIC/VFA. 

 

 

Figure 28. UASB observability index using the PBH method, by measuring TIC/VFA. 

 



 28

4.2.5. TIC, VFA and Z measurements 
If we measure TIC, VFA and the alkalinity (these measurements correspond to the 

developed sensors called AnaSense within the TELEMAC project), the observability tests 
gives the results illustrated in Figure 29 and Figure 30. The magnitudes the observability 
indices are exactly the same as those of TIC/VFA measurements.  

It can be explained as follows. By adding the alkalinity measurement, no new 
information is provided. Therefore there is no enhancement of observability values. 

 
Figure 29. UASB observability index using the Gramian method, by measuring TIC/VFA/Z. 

 

Figure 30. UASB observability index using the PBH method, by measuring TIC/VFA/Z. 

 

4.3. Preliminary conclusions of the observability analysis 

The following preliminary conclusions can be drawn from the observability analysis. 

1) The best zones in terms of observability are somewhere between 10 and 30 cm from 
the bottom of the reactor. Yet the observability are not significantly decreased for 
sensors located at the reactor output. 

2) There is a potential loss of observability at sensor locations corresponding to the zeros 
of the eigenfunctions of the PDE systems, locations that are given a good accuracy by 
the pseudo-spectral method used to reduce the PDE model (the orthogonal 
collocation). In consequence, these locations should be excluded for positioning the 
sensors. 
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3) There is no such loss of observability at the reactor output for both configurations 
(fixed-bed and UASB) of the reactor. 

4) The observability index is not substantially different at the reactor than at the other 
internal reactor positions. This is mainly the effect of the high liquid flow rate.  
As a consequence, the locations of the sensors at the reactor output in the reactor 
configurations (fixed-bed and UASB) of the TELEMAC project are highly 
recommended, since measurements inside the reactor will not provide substantially 
improved information.  

5) The best measurements are clearly TIC and VFA. The observability measures for the 
other variables are all largely worse. 

6) The observability index is significantly improved when 2 concentration 
measurements, the best combinations being TIC/VFA and TIC/alkalinity. By adding a 
third measurement (alkalinity or VFA, respectively), no improvement of the 
observability index is obtained.  

 

5. Luenberger Observer Synthesis 

For illustrating the observability results at different sensor positions, let us consider a 
state observer. Here, we propose to use the extended Luenberger observer, which is well 
adapted to a system evolving around an equilibrium point. The synthesis of the observer 
is as follows. If the nonlinear model of the process is given by the following state system: 
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the observer equation will satisfy the equation (55): 
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where K is a static gain that is calculated by placing the poles of: 
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so as to let the estimation error ( ) ( )( )txtx −ˆ converges to zero. 

5.1. Application to the fixed bed reactor  
Assume that the process is initially in steady-state. The initial profiles of the 

substrates, biomasses and gas flow rates of the WWT process are illustrated on Figure 31. 
At a given time (here 10 days), steps on the influent concentrations are applied to the 
process as shown on Figure 32. In this case, the influent pH is maintained constant, at 
about 5, and so is the influent inorganic carbon, at the value of 0.525 mmol/l.  
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Figure 31. Initial profiles of all the state variables (substrates, products and biomasses)  

of a WWT process using a fixed-bed reactor. 

 

  
Figure 32. Profiles of the influent parameters of the studied fixed-bed reactor.  
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5.1.1. Reference model of the fixed-bed reactor 
Using these data we have then simulated the model via the finite difference method 

with 50 nodes, so as to obtain a reference process, which will be considered as the 
measured variables for the state observer synthesis (cf. Figure 33 and Figure 34). Indeed 
a finite difference scheme with 50 nodes gives a relatively good accuracy. 

 

 

Figure 33. Profiles of the reference states variables a long the fixed-bed reactor.  

 

 

 

 

Figure 34. Profiles of the reference state variables in the fixed-bed reactor vs. time.  
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5.1.2. Observer simulations with CH4 measurement at 2 positions  
First simulations are dedicated to CH4 measurements when the sensor is located at the 

positions where observability losses are detected. Here, the Luenberger observer based on 
the 7-point orthogonal collocation model does not perfectly track the simulated model 
variable. Figure 35, with a sensor placed on 1.715 m, gives an example of a bad 
observation. In this case, there is a risk of divergence when there is change of equilibrium, 
especially if the process is noisy.  

 

 
Figure 35. Comparison between the fixed-bed process (dash-dotted lines) and the corresponding 

observer (continuous lines) by placing the gas CH4 sensors at 1.715 m and 1.75 m. 

 

 
Figure 36. Comparison between the fixed-bed process (dash-dotted lines) and the associated 

observer (continuous lines) by placing the gas CH4 sensors at 3.4 m and 3.50 m. 
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On the other hand, Figure 36 is one example of a good sensor location. We can see in 
this example that the convergence time after the equilibrium change is good. Small static 
errors can be noted in the curves between the reference (i.e. finite difference scheme) and 
estimated (i.e. collocation method) models in the steady-state conditions. Using the finite 
difference method, the mass conservation law is not totally satisfied because of Taylor 
approximation. On the other hand, the orthogonal collocation satisfies the mass 
conservation law. 

Note that we have just seen numerical simulations. In practice, a gas measurement in 
the liquid medium is very difficult to obtain. The only appropriate gas sensor in practice 
is at the output of the reactor. Nevertheless this investigation allows to warrant that there 
is no such loss of observability at the reactor output. 

Therefore, we have to use the other sensors allowing measurements in liquid medium, 
such as VFA/TIC/Z sensors. The numerical simulations will also confirm that we need to 
choose to choose the sensor location in order to avoid some losses of observability. 

5.1.3. Observer simulations by measuring TIC/VFA (and Z) at the reactor output  
According to our observability analysis, we can state that there is no such loss of 

observability at the reactor output. Let us now perform simulations using TIC and VFA 
sensors, located at the reactor output. The results are good (cf. Figure 37). The uses of 
TIC/alkalinity sensors and TIC/VFA/alkalinity will give similar results. 

 

 
Figure 37. Simulations of the fixed-bed process (dash-dotted lines) and the corresponding 

observer (continuous lines) by placing the TIC/VFA sensors at H (3.50 m). 



 34

 

5.1.4. Observer simulations with TIC/gas measurements at the reactor output  
When we apply the TIC and gas (CH4) sensors located at the reactor output to the 

observer, the results are as shown in Figure 38. We can say that the observer works quite 
good, despite of some numerical errors in the curves. 

 

 
Figure 38. Simulations of the fixed-bed process (dash-dotted lines) and the corresponding observer 

(continuous lines) by placing the TIC/CH4 sensors at H (3.50 m). 

 
 

5.2. Application to the UASB reactor 

Like in the fixed-bed case, we also assume an initial condition in steady-state. The 
initial profiles of the substrates, biomasses and gas flow rates of the WWT process are 
illustrated on Figure 39. After 10 days, steps on the influent concentrations represented in 
Figure 40 are applied to the process. In this case, the influent pH is maintained constant, 
at about 5, and so is the influent inorganic carbon, at the value of 0.076 mmol/l.  
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Figure 39. Initial profiles of all the state variables of a WWT process using a UASB reactor. 

 

 

Figure 40. Profiles of the influent parameters of the considered UASB reactor.  

 
 

5.2.1. Reference model of the UASB reactor 

We have then performed the finite difference method with 50 nodes, so as to obtain a 
reference process. The simulations result in Figure 41 (state variables vs. position in the 
UASB reactor) and Figure 42 (state variables vs. time). These data will be considered as 
the measured variables for the state observer synthesis. 
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Figure 41. Profiles of the reference states variables a long the UASB reactor.  

 
 

 
 

Figure 42. Profiles of the reference state variables in the UASB reactor vs. time.  

 

5.2.2. Observer simulations by measuring TIC  
First simulations have been performed using TIC sensor. Let us locate the sensor at hb 

(1 m) corresponding to the blanket thickness (the limit between fixed biomass and free 
biomass). According to the observability analysis, no loss of observability is detected at 
this location. The simulations have confirmed the validity of our study (cf. Figure 43).  



 37

 

 

Figure 43. Simulations of the UASB process (dash-dotted lines) and the corresponding observer 
(continuous lines) by placing the TIC sensor at hb (1 m).  

 

When the sensor is located at the output of the UASB reactor (hf = 1.7 m), the same 
performance is obtained (see Figure 44). Indeed, the TIC measurement at z = H = 2.3 m 
(corresponding to the total liquid height in the reactor) will give the same result since 
there is no dispersion between hf and H. The only state variable that is not measurable 
beyond hf is the biomass. 

 

 

Figure 44. Simulations of the UASB process (dash-dotted lines) and the corresponding observer 
(continuous lines) by placing the TIC sensor at hf (1.7 m).  
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5.2.3. Observer simulations by measuring TIC/VFA/Z at the output of UASB (Hf)  
Let us now perform simulations using TIC, VFA and Z sensors (AnaSense). Locate 

the sensors at hf (1.7 m) as previously. The simulations have shown (cf. Figure 45). The 
uses of TIC/alkalinity sensors and TIC/VFA give similar results. 

 

Figure 45. Simulations of the UASB process (dash-dotted lines) and the corresponding observer 
(continuous lines) by placing the TIC/VFA/Z sensors at hf (1.7 m).  

E. Applicability to the TELEMAC reactors 

In these investigations, we have proposed a methodology that allows to choose the 
sensor location e.g. so as to avoid observability losses while the monitoring is active. 

The model has been established according to the general configuration that is used in 
the TELEMAC digesters. Two of them were considered in this report to illustrate the use 
of the proposed technique; the first one is related the LBE/INRA digester (fixed-bed 
configuration) while the second one corresponds to the USC digester (UASB 
configuration). By changing the numerical values of the reactor configuration, the 
methodology can also be applied to the other TELEMAC digesters. 

F. Conclusions 

We have analyzed the sensor location for the TELEMAC digesters using on-line 
measurable parameters. The analysis is based on system observability tools (Waldraff, et 
al., 1998) for the PDE model of the processes, corresponding to the LBE/INRA digester 
(fixed-bed type – Schoefs, et al., 1998) and the USC digester (UASB type). The 
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methodology that we presented here highlights the locations where observability loss can 
occur, where the sensors should not be placed.  

For a fixed-bed reactor modelled with the following collocation points 0, 4.69×10-2H, 
0.23H, 0.5H, 0.77H, 0.95H and H, with H the height of the reactor, the observability 
analysis has shown that the system observability is good (or in other words, there is no 
loss of observability) for the following configuration of sensor(s): 

- TIC sensor can be located at a point anywhere except 0.14, 0.43, 0.68 and 0.85 of H. 

- VFA or Z sensor gives very bad observability indices. Moreover, we note also 
losses of observability at the same locations as those of TIC measurement. 

- CH4 (methane) gas sensor alone has to be placed at 2 positions. One sensor is placed 
at a collocation point and the other one must be placed below the considered collocation 

point, except 2.86×10-2H, 0.2H, 0.45H, 0.7H or 0.9H corresponding to the points where 
loss of observability may exist. 

- When several sensors are combined, the best combination is TIC/VFA 
measurements. Nevertheless, there may be losses of observability in some locations 
mentioned previously.  

- It is also possible to have the combination between TIC and alkalinity sensors, or 
TIC, VFA and alkalinity. The use of the AnaSense sensor that measures TIC, VFA and Z 
is then recommended. Nevertheless, the following locations: 0.14, 0.43, 0.68 and 0.85 of 
H, have to be avoided. 

In the UASB case, the results are quite similar with the previous one. We have 
modelled using a 7-point-collocation model, applied the three observability measures and 
noted the following statements: 

- When only the TIC is measured, less losses of observability can be noticed. The 
observability index is quite uniform a long the reactor. 

- The measurements of VFA alone or alkalinity alone result in very bad observability 
indices. Therefore they are not recommended. 

- When we combine TIC and VFA, the observability index is improved, but we have 
some observability losses at 0.21, 0.47 and 0.94 of Hf. 

- The addition of the alkalinity measurement in the TIC/VFA measurement does not 
improve the quality of observability, since no new information is provided by Z 
measurement. 
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- The best zones in terms of observability are somewhere between 10 and 30 cm from 
the bottom of the reactor. Yet the observability are not significantly decreased for 
sensors located at the reactor output. 

The results of this study are illustrated in numerical simulations by implementing a 
state observer, i.e. the extended Luenberger observer. Note that the state observer is 
designed by using the orthogonal collocation method, while the reference model is using 
a finite difference scheme.   
When one sensor is located at the positions where observability losses are detected by the 
mentioned observability measures, there is a risk of divergence in transient conditions, 
especially if the process is noisy; the state observer cannot follow perfectly the reference 
model.   
On the other hand, when we avoid these positions, the convergence time of the observer 
response after the equilibrium change is good.  

Indeed the collocation method is a pseudo-spectral method. Therefore, it transfers 
approximately the spectrum of the PDE equation. The observability losses are related to 
the zeros of the PDE model eigenfunctions. Hence, their number and positions depend on 
the model dimension. Our investigation has shown that a 7-point-collocation model is the 
best compromise between accuracy and least of observability losses. 

Finally, the following important conclusions can be drawn.  

1) There is a potential loss of observability at sensor locations corresponding to the 
zeros of the eigenfunctions of the PDE systems, locations that are given a good 
accuracy by the pseudo-spectral method used to reduce the PDE model (the 
orthogonal collocation). In consequence, these locations should be excluded for 
positioning the sensors. 

2) There is no such loss of observability at the reactor output for both configurations 
(fixed-bed and UASB) of the reactor. 

3) The observability index is not substantially different at the reactor than at the other 
internal reactor positions. This is mainly the effect of the high liquid flow rate.  
As a consequence, the locations of the sensors at the reactor output in the 
configurations (fixed-bed and UASB) of the TELEMAC project are highly 
recommended, since measurements inside the reactor will not provide substantially 
improved information. 

4) The best measurements are clearly the TIC and the VFA. The observability 
measures for the other variables  (alkalinity, CO2 and CH4 flow rates) are all largely 
worse. 

5) For the UASB, the best zones in terms of observability are somewhere between 10 
and 30 cm from the bottom of the reactor. Yet the obserrvability are not 
significantly decreased for sensors located at the reactor output. 
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6) The observability index is significantly improved when considering at least 2 
concentration measurements, the best combinations being TIC/VFA and 
TIC/alkalinity. The combination of TIC/VFA/alkalinity measurements will give 
results as good as those obtained by the two previous combinations.  

7) In conclusion, the AnaSense sensor (measuring TIC/VFA/Z together) is 
recommended in both fixed-bed and UASB reactors and can be located at the 
reactor output. 
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